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ABSTRACT

This report presents a new technique for the design of
multidimensional FIR digital filters. Given the desired amplitude
response, the truncation error of a low order approximation to a high
order filter is iteratively decreased by varying the phase response.
Convergence of the iterative algorithm is discussed. In general, the
phase responses of the filters resulting from the algorithm are nonlinear.
Pictures suffer phase distortion when filters with nonlinear phase char-
acteristics are used in filtering. A measure of phase distortion in
pictures is introduced so that the effects of nonlinear phase in filters
may be quantified. Examples illustrating the use of the design tech-
nique and the measure of phase distortion are included. The results
of this report are formulated in two dimensions; however they are

valid for filters and signals of any dimension.
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I. INTRODUCTION

4, Two-Dimensional Digital Filtering

In the last several years digital techniques have found
widespread use in image processing due to the availability of digital
computers, the large number of operations which computers can per-
form, the increasing speed at which these operations can be performed,
and the advent of efficient algorithms for carrying out certain process-
ing tasks. The operation most widely used in digital image processing
is the linear operation known as convolution or filtering. In [1], Rind-
fleisch, Dunne, Frieden, Stromberg, and Ruiz describe the use of con-
volution and other digital processing techniques for the enhancement
of the Mariner 6 and 7 pictures of Mars. Many degradations of pic-
tures, such as motion and defocus blurs, may be described as the
convolution of an ideal picture with a degrading signal. Stockham,
Cannon, and Ingebretsen [2] have shown how to identify the degrading
signal, when it is not known, and how to remove it through a second
convolution, which is known as a deconvolution. Lewis and Sakrison
[3] have used Wiener filters to reduce noise and optical distortion in
electron micrographs. Duda and Hart [4] have suggested filtering as
an aid to scene analysis. They have shown the effects, on pictures,
of low pass, high pass, and high emphasis two-dimensional digital
filtering. In the oil industry two dimensional digital filtering is being
used to remove multiple reverberations from marine seismic data.

Let {fmn} be a digital input sequence or picture and let
{hmn} be a two-dimensional impulse response sequence. We assume

that {hmn} has M rows and N columns and that {fmn} is the same




size or larger. When the input sequence {fmn} is convolved with

or filtered by the sequence {hmn} ¢ fhe quiput picture {smn] -
described by

M-1 N-1

S = ;
Bon ™ iy fo etk net (1.1)

The two-dimensional digital filter represented by {hmn} may also be
described by the Z-transform transfer function,

M-1 N-1

5 h.  Z

z
m=0 n=0 “mn —

Hafhgeas! - 122
Ha (Zl,Zz) is calied a finite impulse response or FIR digital filter if
M and N are finite nonnegative integers. If M or N are infinite
positive integers, Ha (Zl,ZZ) is called an infinite impulse response
or IIR digital filter. The frequency response of the filter Ha (Zl,Zz)
is Ha (exp(—jwl), exp(-jwz) ), which may be evaluated through use
of the discrete Fourier transform or DFT. For every spatial sequence
{hmn} of length (M, N), we can find a corresponding frequency do-
main sequence {Hkl,}' which is the DFT of {hmn}' The DFT rela-

tionship, denoted as hmne HkL‘ is described as

M-1 N-1 k
B = 1 £ b U M yin 1.3)
m=0 n=0
and
M- = = -
hmn= (1/MN) 21 NEIHk L kmv m' (1.4)
k=0 g=0 %4

where U = exp(-j 27/M) and V = exp(~j 2m/N). Thus a filter des-
cribed by (1.2) is specified by the MN points of the spatial sequence,
{hmn}' or by the MN points of the frequency domain sequence, [Hk«'/}’




f The frequency domain sequence is expressed by an amplitude sequence,

{lHkél}, and a phase sequen‘ce, {ekL}’ where
2 = . 105
H, |sz| exp(le, ) (1.5)

i In general, for a given amplitude sequence, distinct choices of the
phase sequence {ekL}’ lead to distinct impulse response sequences,

{hmn}' The relationship between Ha(Zl,Zz) and {HkL} is

R ., =Ha (exp(-jwl),exp(-jwz)) (1.6)

k4

where

@, w)) = (@1/Mk, @T/N)) . (1.7)

2

B. FIR Digital Filter Design

In designing a two~-dimensional digital filter we are
usually given a desired frequency response which may be expressed,

using amplitude and phase, as

d
= jo
Hw ,w,) = [Hw ,w)|exp(8" (@, w,))) . (1.8)
One may design an FIR digital filter using (1.4), (1.7), and

HkL=H(w1,w2) . (1.9)

The resulting filter Ha (ZI’ZZ) has the desired frequency response at
the MN points of (1.7). However, if M and N are large enough for




T ——

Ha (exp(-jwl), exp(-jwz)) to closely approximate H(wl,wz), then
Ha (Zl,Zz) usually has too many coefficients to be useful. This
problem is attacked by designing a filter Ha (Zl,Zz), with few coef-
ficients, which approximates Ha (Zl,Zz) or H(wl,wz). Let TO be
the set of nonnegative integer pairs (m,n), where 0 < m = M-1 and

0 =n =N-1, and let T be a subset of T.. Given the spatial se-

0
quence {hmn}' (m,n) eTO, we wish to form a filter
~ - - -~ m
Ha(2,,2,) = le Nzl hoz'E (1.10)
1'72 mn-1 "2
m=0 n=0

such that hmn =0 if (m,n) £T. The other coefficients are chosen so
that the approximation is accurate. In general T may be any set of
nonnegative integer pairs satisfying the condition above, however in

this report the choice of T is restricted to
2
T={(mn) ¢2” |[0<m<M,60<n<N }, (1.11)

where M1 < M-1, N1 < N-1, and Z2 denotes the set of all integer
pairs. In this case ﬁa (ZI’ZZ) is a low order approximation of

Ha(Zl,Zz).

Design Techniques

Recently minimax methods for designing two-dimensional
FIR filters have been explored by Hersey and Mersereau [5]. Their

technique minimizes the error function

E_ =£11?‘5;|w<w1,w2)(lH(w1,w2)l - iHa(exp(-ij),exp(-jwz))|)|




where W(wl,wz) is a weighting function and ﬁa (ZI’ZZ) is restricted

to linear phase. Unfortunately minimax design techniques require a
prohibitive amount of computation time.

Another two-dimensional FIR filter design method is the
frequency sampling method developed by Hu and Rabiner [6]. When
a filter is designed by frequency sampling the DFT frequency domain
coetficients, corresponding to pass~bands and stop-bands, are fixed.
The error of approximation is minimized with respect to the transition-
band DFT coefficients. The impulse response coefficients are then
calculated by taking the inverse DFT. An advantage of this filter de-
sign method is that it can be used to approximate any frequency re-
sponse. This method consumes a lot of computation time, but not as
much time as a minimax method.

Two-dimensional FIR digital filters may be designed using
the transformation approach of McClellan [7]. In this approach the

equation

cos (w) = Acos(wl) +B cos(wz) +C cos(wl)cos(wz) +D

is used to transform a one-dimensional filter ﬁ(w) into a two-
dimensional filter ﬁ(wl,wz). Different types of filters may be de-
signed by changing the constants A, B, C, and D. This is the fast~
est of the design techniques. However, the method applies only to
linear phase filters and there are severe amplitude constraints as well.
Truncation is the simplest design method for two-
dimensional FIR digital filters. Given Ha (Zl,Zz) and the set T,
Ha (Zl,Zz) is formed using

h =h ,(m,n)eT ,
mn mn

(1.12)
=0 ,(m,nfgT .




el

Let {H,,} be the order (M,N) DFT of {ﬁmn}. Truncation minimizes
the summation of squares error function,
M-1 N-1

i LAt
By ot oty ey Bl

; (1.13)
with respect to {ﬁmn}' This filter design method has the advantage
that any desired frequency response may be approximated. There are
no amplitude or linear phase constraints. Also, truncation is an ex-
tremely fast design technique. Unfortunately the frequency domain
error, due to truncation, is usually severe near transition regions.
To lessen the bad effects of truncation, windowing is

often employed. When (1.12) is replaced by

h =h

w__,(m,n)eT ,
mn mn mn

(1.14)
=0, (m,nfT ,
where {wmn} is a window sequence, the severe ripples in the fre-
quency response of the truncated filter are smoothed. Huang [8] has
demonstrated that two-dimensional windows may be designed from one-
dimensional windows. A problem with windowing is that it extends
transition regions. This is undesirable when sharp cutoffs are re-
quired in the amplitude response. In addition windowing is not an
optimal design method.

Of all the two-dimensional FIR digital filter design
methods, only truncation and windowing lead to filters, which ap-
proximate any desired frequency response, in a reasonable amount
of computation time. The field of image processing may be signifi-
cantly advanced if the truncation design method is improved and the

need for windowing is reduced or eliminated.

: R _ .,,_“______“_J —— |
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C. Phase Distortion

It is being increasingly recognized that when complex
signals such as Fourier transforms are represented in polar coor-
dinates, phase is more important than amplitude. Larmore, El-Sum,
and Metherell [9] and also Kermisch [10] have shown the importance
of phase information in holography. Huang, Burnett, and Deczky [11]
have demonstrated the significance of phase in digital image process-
ing filters. In general the phase of a digital filter will have error.
Linear phase, which does not degrade the phase of input signals,
cannot be obtained in causal, realizable IIR digital filters. Even
though FIR digital filters may have linear phase, this phase often
has discontinuities of ™. Nonlinear phase characteristics, which
may be specified for Wiener filters and matched filters, are gener-
ally not realizable with zero error. The filter design method of
Steiglitz [12] minimizes a magnitude error function and leads to
nonlinear phase characteristics.

Let ﬁ(wl,wz) be the frequency response of a digital
filter. Let H(wl,wz) be the desired frequency response, as in (1.8).
H(wl,wz) has amplitude and phase error and may be the frequency
response of an IIR or FIR digital filter. The frequency response may

be expressed, using amplitude and phase, as
-~ = -~ e
Hw @) = |Hw,  w)lexp(8(w, , «)) . (1.15)

The Fourier transform of a digital input picture {fmn} with M rows

and N columns is

!
|
|
|
1

M-1 N-1
= % 2 - w
F(wl""z) skl fmnexp( J(mw1 1 2)) ) (1.16)
'''''' SRR
- . d




If {fmn] is filtered using the desired filter the output picture {pmn}
has the Fourier transform
P(w), @) = F(w,, @ )H(W, )
(1.17)
d
- F(wl,wz)lH(wl,wz) lexp(1© (W, @) .

The effects of the phase error of ﬁ(wl,wz) are of interest to us, so

we therefore construct a frequency response

Hw;,@,) = [H@ ,w,)lexp(0(w,, @) , (1.18)

which has the phase error but not the amplitude error of ﬁ(wl,wz).
When ﬁ(wl,wz) is used to filter the input picture {fmn}’ the out-

put picture is {ﬁmn} which has the Fourier transform
P(wl,wz) = P(wl,wz)H(wl,wz)
= P(w), w))exp(im(w,,®,)) (1.19)

where

8 d
m(wlfwz) = 9(“’1,“’2) -0 (wl,wz) . (1.20)

The error between {pmn} and {f)mn] is called phase distortion and
is caused by the phase error function m(wl,wz) . The phase response
B(wl,wz) is acceptable in a given application if the phase distortion
produced by m(wl,wz) is measured and found to be small. One may
attempt to measure the phase distortion of filtering by measuring
m(w1 ,wz). However, such a measure does not change as the input

picture changes. This type of measure has the same value for sine

wave and wideband input pictures.




D. Objectives

The objectives of this report are

(1) To develop a two-dimensional FIR digital filter
design method which leads to amplitude responses,
better than those obtainable through truncation and
windowing,

(2) To develop a measure of phase distortion, caused

by filtering, for the evaluation of the phase responses
of filters.

A design method for two-dimensional FIR digital filters,
which we call phase correction, is developed and analyzed in Chap-
ter II of this document. The basic design algorithm is derived and
its convergence is discussed in section IIA. In section IIB the algo-
rithm is improvad so that convergence is more rapid. A comparison of
phase correction to gradient techniques is made in section IIC. The
problems of initializing the algorithm and measuring the phase error of
the filters are treated in section IID.

In Chapter III a measure of phase distortion in pictures is
formulated and its uses are described. The measure of phase distor-
tion is developed from the Euclidean distance between two pictures in
section IIIA. Methods of calculating the measure and evaluating phase
responses of filters are given in section IIIB. An efficient way to es-
timate the measure is formulated in section IIIC.

We design several filters in section IVA to illustrate the
use of the phase correction algorithm. Filters designed by phase cor-
rection are comparad to filters designed by truncation and windowing.
In section IVB two filters are used to fiiter a test pattern input picture

and the resulting phase distortion in the output pictures is measured
and estimated.




II. THE PHASE CORRECTION ALGORITHM

A. Derivation of the Algorithm

Given the desired amplitude sequence “HkLH and the
set T, the truncation error between Ha (Zl,Zz) and ﬁa (Zl,ZZ) may be

written as 3
M-1 N-1
I({e, V= = z |b |
ke m=0 n=0 i
(m,n) £T

2..2.. M-1 N- - -
= a/ean) VLN MV NS e, ,

m=0 n=0 k=0 £=0
(m,n) 4T

a function of the phase sequence {ekL} . The expression (2.1) is

-km - gn 2
S S I

arrived at by the use of the earlier equations (1.2), (1.4), (1.5),
and (1.10). I({ekL}) is a measure of the goodness of the approxi-
mation of Ha (Zl,Zz) by Ha (Zl,Zz). In this section we derive an
iterative method for picking phase sequences, {ek {,} , so that the
error function I({ek{,}) is decreased with respect to {ek{,} :

For the ith iteration, where i is a nonnegative integer, the

high order filter and its truncated version are described respectively

as
1 - "
Ha 2,.2,) = L h:m 2 % 2.2)
m=0 n=0
and
i M-1 N-1 M m _,n
fid 2, .2,) = eI B B 2D 2.3)

10




11

where

ni 1 5
h = hmn: (mln) CTI

=0 , (m,n) £T. (2.4)

It may be emphasized that i is a superscript and not an exponent.
The frequency domain sequences, {Hlict} and {I:I;L}, are obtained

from spatial sequences as

hmn<———-—>Hk ; (

and
n 2.6
h <———>Hk P (2.6)

The amplitude and phase relationships are

i 1
H = |H | exwle, ) (2.7
and
-t
B |Hk;| exp(je”) (2.8)

As seen in (2.7) the amplitude sequences “HkLH are restricted by
the equation lHkL' = 'Hkl,l for every 1, which implies that the am-
plitude sequence is held to be the same for every iteration. Further,

a simple application of Parseval's equation leads to

-1 N-1 1
Mz Nz (h —(I/MN)MINI

%2 e
m=0 n=0 k=0 g0
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and

| s N (2.10)
mn

for every i, m, and n.
Four equivalent expressions for the error between Hé (Zl' ZZ)

and ﬁg(zl,zz), where i and p are nonnegative integers, are:

n ¢
(1) P, (1/4n2) i IHé(exp(-le). exp(-jw,) )
-n

ai 2
- Ha (exp(-ju,),exp(-ju,) ) | dw, dw,. (2.11)
6o tP="50 gl CgE e (2.12)
mn mn
F m=0 n=0
i
o i a0
wy P = a/vn Myt Nol |H}1u i (2.13)
k=0 g=0
and
i M-1 N-1 g ag 9
@) P = /My Mgt N3 B, 1%+ [BE,|
k=0 =0
5 o o 1 <P 2
2 lHk,e,' |Hk;,| cos(ekz ka). (2.14)

Expressions (2.12) and (2.14) follow directly from the evaluation of
2.11) and (2.13), respectively. Expression (2.13) follows when

i ol N = i
b = 1/ Vi NEL g grkm o (2.15)
k=0 =0 ;

and
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o M-1 -1 - = -
h® = (1/MN) % N1 B v km - gn Gl
k=0 =0 £
are substituted into (2.12). Using (2.4) in (2.12) and letting p =i,
we find that

ol (2.17)

ii M-1 N-1
z z mn

=
m=0 n=0
(m,n) £T

and using (2.1), (2.5), (2.7), and (2.17), that
I({eiz}) =Tt (2.18)

From (2.18) it is obvious that an algorithm which iteratively produces

a decreasing error sequence,

i
S el R e

also decreases the function I((ekL}) iteratively.

Given the desired amplitude sequence {IHk’L! } and the
set T, the first step of the phase correction algorithm is to choose an
ini}tial phase sequence {324’}. In order for the sequences {hrinn} and
{ﬁxlnn} to be real, all phase sequences, including the initial phase

sequence, must satisfy the symmetry condition,

i

i 1 2.19)
e =2nn - - - ’ ( ®
k2 kg °[M k]M.[N z]N

i
where {nk L

tegers modulo M and N respectively.

} is an integer sequence, and [M—k]‘q, [N-L]N, are in-
v
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The numbers IE and 1max are specified, in the algorithm's
first step, to provide an exit from the algorithm. The integer imax is
the maximum value of i allowed. In other words, only (imax + 1) iter-
ations are allowed. IE is a nonnegative real number such that if
11_1'1-1 - Iii < IE for some i, the algorithm is halted. The steps of

the algorithm are given below.

Step 0: Given {|Hk‘|}, {9122}' T, Iz, andi __, compute {H:ZL}
from (2.7).

Step 1: Set i equal to 0.

Step 2: Calculate [h:nn} using the relationship (2.5).

Step 3: Get (R ] from (2.4).

Step 4: Calculate Iu using (2.17). It may be noted, from (2.12)
and (2.17), that

Iil ‘1111'1 (2.20)

.

i-1,i-1 _ii o~
o | <IHort—1m .

Exit 1f I o

Step 5: Compute {alicz] from (2.6) and (2.8).
Step 6: Increase the indexi by 1.
Step 7: Using the equation

i i-1
i
calculate {Hkt} from (2.7).

Step 8: Go to Step 2.

i-1,i-1 i-1

Whereas 1 can be expressed by (2.14), 11' can

be expressed, using (2.14) and (2.21), by




15

ai-1 2
11’1..1 - (1/MN) le N- 1(|H | i \H |) . (2.22)
k=0 ro

This means that

1,1"1 < Il-l'l-l. (2.23)

I
The implementation of the phase correction algorithm is

shown in Fig. 1. In the figure we have implemented Step 7 with

5 s i-1 , ai-1
H,= |sz| (sz / |sz |) (2.24)

which follows from (2.8), since

exp(3, ) = A e LT s (2.25)

By alternately decreasing the truncation error in the
spatial and frequency domains, the algorithm generates new spatial
and frequency domain sequences for each iteration. Inequalities
(2.20) and (2.23) imply that the sequence P is nonincreasing, so
we have shown that the phase correction algorithm decreases I({ekL})
or leaves it the same.

If i == and I_ =0 the infinite sequence
max E

00 10 11 il i+ l,1
= (I l.oo'I 'I ‘.o.} (2026)

is generated.

+ + +1, i+
THEOREM 1: If I 1 e or Ii 1'1=I1 e for some finite

nonegative integer i, the sequence W converges in a finite number

of terms.
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PROOF: Case 1 [ =gtiel

By using (2.13) and (2.22) one obtains

2 M-1N-1
k=0 ,c—O k=0
; . i Vs éi i+l i
This implies that {eké} ={ kL} and that {eké = i{ekt} Siince the
same operations are performed in each iteration, {9 p} {9 } for
every nonnegative integer p.

+ +1,i+
Case2 [ iie gLt
By using (2.22) one obtains

T M-l N- i+1
s /MmN ! | 15, | exp(je+ )
k-O g—o L

2
& Iszl exp (jekg I

M=1 N=1, i1 ~f 2
s z z (hmn i hmn )
m--0 n=0

M-1 N-1 i+1 ~i 2
= z

M-1 N-1 ,i+1 2
(h -h ) + ¢ v (h )i (2.28)
m=0 n=0 e e m=0 n=0 =
(m,n) €T (m,n) £T

% .
P L .

» (2.17) and (2.28) imply that the right hand
side of (2.28) equals

M-1 N- 1.2
):1 zl (h”)

m=0 n=0 ™0

(m,n) £T
and that

M-1 N-1 , i+1 Al 2
T g Mo, ~B ) =0
m=0 n=0

(2.29)
(m,n)eT




Equation (2.29) implies that T {hl } and {91+1} {9 }

+
which leads to {GHZ} {91 1} The same operations are carried out

kt

+1+
for each iteration and therefore {91 tpy . gt

KL i } for every nonnega-

tive integer p.

Q.E.D.

Corollary: The sequence W is always convergent.
Proof: This is proved for a special case in theorem 1. From [13] all
bounded, non-increasing sequences of real numbers converge. The
members of W are bounded by 0 and IOO, and W is non-increasing
as seen in (2.20) and (2.23). The corollary follows.

Q.ED.

The convergence of the error sequence W is proved above,

but this does not imply the convergence of the sequences,

=g fh 1 {ﬁ}nn},...,{ﬁ;n],...}

and

- 0 1 i
Y={ {hmn}, {hmn}, s ,{hmn},... s
The convergence properties of X and Y will be discussed in a paper.

B. Increasing the Rate of Convergence

Normally the phase correction algorithm reduces the error
function I({Ok 4}) significantly in the first few iterations. However,

there is often room for improvement. In this section a modified
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algorithm, which increases the rate of convergence of the error
sequence, is presented. In particular, an algorithm that approxi-

mates the high order filter

ﬁé(z Zg= Vet Nk gl ot 2.30)
2 mn 1 2
m=0 n=0
by the truncated filter
-1 N 1-1 m _n
ﬁ%(z )—M h 2. 2,, 2.31)
2 mn 1 "2
m=0 n—0
where the conditions
-1 i
hmn- Rmn' (m,n) ¢T
=0, (m,n) £T (2.32)
and
5! «>lu  lexplo )
h &>[H  |exple, (2.33)

are satisfied, is described in the following. The phase sequences of
the high order filters are denoted by wk{,} as in (2.33). As with the
original algorithm every high order filter Ha (Z 2) has “Hk&l } as
its amplitude sequence. An expression for the error between Ha (Zl,Zz)
and Hg(Zl,Zz) is

pip  Mad Nl i
P-Yet T2l

i 2
mn

-0 ) (2.34)
mn

m=0 n=0

The error sequence of the modified phase correction algorithm is given
by

e 2.35)
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In a manner analogous to the original algorithm, the first spatial

sequence is generated from {IHkL” and {cng}, using the equation

() } = IDFT (|5, ,lexp0o )1 2.36)

Further, the first two iterations of the modified algorithm are identical

to the first two iterations of the algorithm of section IIA, meaning that

gk
mn mn
o™ iy
and
fIvu > Iu

for i=0,1. For i =2 the equations above also hold, but for i 22 we

i
form a second truncated sequence {ymn} in each iteration by using

i-1
mn

v e oilel &
n mn mn

o ) {2.37)

i
where b" is a real number chosen to accelerate the convergence of the

algorithm. It may be assumed that in the first steps of the present al-
i
gorithm, bo and b1 are zero. The number b is chosen so that the

sum of squared errors,

_M-1 N-1 ,-i o= fu]
T s (hmn -(hmn

m=0 n=0

K

L =1-1 =1-2 2
1 bl g SRR

between {h: } and Tl +b1(}-11—1— 51-2)} is minimized. This is
mn mn mn  mn
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achieved by differentiating (2.38) with respect to b1 and setting the

result equal to zero. This gives

M-1 N-1 -1 ,oi=1, ,-1-1 =-{-2
. mz=0 nio (hmn hmn)(hmn'hmn)
i

M-1 N-1 -i-1 -i-2.2

mEO n-fo (hmn hmn)

i
Given the sequence {ymn}' the operations

=1 i
= i+1,

=1i-1

o -1'1
= 1H | @/ H .

and

& y=1rr @, )

(2.39)

(2.40)

(2.41)

2,42)

(2.43)

are carried out for the implementation of the algorithm. This leaves the

algorithm at the truncation step. Because of the way the sequences

i
{y mn} are generated one cannot guarantee that

f«li 2 'IVI-I A-1

Therefore, if (2.44) doesn't hold, let

(2.44)

(2.45)

(2.46)
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and continue the iteration. In other words, if an iteration of the modi-
fied algorithm fails to produce a smaller error number than the previous
iteration, we repeat the iteration with b1 = 0, which is equivalent to
performing an iteration in the original algorithm. The final error se-
quence 7 has the property that

~if  ~i-1,1-1

| Mgt (2.47)

for all i greater than 0. If the iteration fails in the above fashion the
value of the error function for two successive iterations is the same,
meaning

?11 ?1-1,1-1. (2.48)

However, this does not imply that the modified algorithm has con-
verged. Whenever (2.45) is implemented, the equation
-1-1

= j=2
hmn—hmn

holds in the following iteration, giving a zero denominator in (2.39).
This is easily remedied by replacing ﬁ;ﬁ by ﬁ;: in (2.39), in an
iteration following the implementation of (2.45).

The block diagram for the modified phase correction algo-
rithm is shown in Figure 2. As with the original algorithm, the num-
bers IE and imax provide exits. The 1s'ceps of the algorithm are given
below in detail. As seen in (2.39), b™ can't be calculated if i <2,

Therefore, (2.4f" is used for i =0 and 1.




|
3
1
3
|
|
|
|
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2 0
Step 0: Given “Hkgl}’ [‘sz}' T, I, andi  setiequalto

’

zero and compute {ﬁg z] using

~0 0
H = |sz|exp(jcpk£). (2.49

o~d
Step 1: Calculate {h 1} using (2.43).
Step 2: If (2,44) holds, continue to Step 3; otherwise skip to Step 6.

Step 3: Perform the truncation in (2,32).

~i-1,i-1 il
Step 4: Exitifl I < IE ori > lmax'

Step 5: Ifi <2 set b1 = 0; otherwise calculate b1 from (2.39); go
to Step 7.
Step 6: Perform (2.45) and (2.46).

Step 7: Compute {y:m} using (2.37).
Step 8: Find {ﬁ,‘u] from (2.40).

Step 9: Increasei by 1.

Step 10: Calculate {ﬁ:u} using (2.42).

Step 11: Go to Step 1.

It may be aaded that the extra steps of the modified algo-
rithm do not add significantly to the computation time of an iteration.
Although faster converging error sequences have been observed when
using the modified algorithm, an analytical proof of the fast conver-
gence is not available at this time. However, this approach is useful
in many optimization problems where the dimensionality is too high for

the Fletcher-Powell algorithm [14] to be practical.

|
|
|
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C. An Alternate Derivation

It should be noted that the algorithm of Section IIA can be
derived by applying a gradient [14] method of optimization to the error

function
~i-1 -1 N-1 af-1,2
k(ph'ly =M z (= |-1H D 2.50)
LU S R L
Using (2.6),
~f-1
it Pk At
aﬁ"l
pa
and
o\l,.l*
3H &
-——‘—(—4—— = U-pk V qz (]
Al
Pa
lead to ~i=1 i
aK({hmn b = M= N-1 Hk& -pk ..~q¢
1 "( kzo A|H | U
pq = £=0 |sz]
kg
Af-1*
Adl® k
# (B, | A uPS VA ol Lt s B 2.51)

Equations (2.15), (2.16), (2.24), and (2.51) yield

41_1

kK({h i)
mn i Aj=-]
— = -2MN(h o -h ). (2.52)
dh
pad
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If the classical gradient method were being used to decrease K({ﬁ:nl}),

the next step would be to implement

~i-]
ﬁl N ﬁ1'1+ K({h mn ) (
Pq pq o] aﬁi-l ’ pvq) CT,
pa
=0, (p,q) £T, (2.53)

where p is a negative number such that

aK({ﬁ :nn})

=0. 2.54
3 (2.54)

In the algorithm of Section IIA, (2.53) is implemented such that

p=-1/(2MN) , (2.55)

It can be shown that (2.53) and (2.55) do not give the result of (2.54).
Therefore, the phase correction algorithm is related to, but not the
same as, the classical gradient technique.

Steiglitz, in [12], minimized an error function like that of
(2.50) for one~dimensional recursive filters, using the Fletcher-Powell
algorithm [14]. Unlike Steiglitz we did not use cascaded second order
sections, but did use the FFT. We did not use the Fletcher-Powell
algorithm because of storage considerations. In terms of real floating-
point words, the storages of the original algorithm, the modified algo-
rithm, and the Fletcher~Powell algorithm are

S1 = (M1+1)(N1+1) + ZMN (2.56)
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S, =3(M+1)(N,+1) + 2MN 2.57)
and

- ]
S3= (M+DIN +1))"/2+ 5 HM +1)(N +1) + 2MN (2.58)

respectively, where (M1 + 1)(N1 + 1) is assumed to be even in (2.58).

For M =N1=7 and M=N =32,

1

S1 = 21312,

S2 = 2240,
and

S3 = 4448,

Here, the Fletcher-Powell algorithm requires almost double the storage

of the modified algorithm. If M, N, Ml' and N. are increased linearly,

the amount of storage required for the Fletcher-Pt)well algorithm in-
creases much faster than the amount of storage required by the modified
algorithm. For both algorithms FFT calculations take up most of the
computation time. Therefore, for each iteration, the computation time

is approximately proportional to MNlogz MN.

D. Phase Sequences and Phase Error

In this section a technique for choosing the initial phase

sequence {92 L} is formulated and a method of comparing the phase

B |
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i
k
The following notation and observations are needed in this section.

sequence {e {,} to a set of desired phase sequences is developed.

The frequency response of the filter Hé (Zl,Zz) is ex~

pressed in amplitude-phase form as

Ha(exp (- ) rexp(-jw,))

= IH% (exp(-Jw,) +exp(=juw,)) lexp(mi(ml.wz)). (2.59)
where IHiia (exp(-jwl),exp(-jwz) )l is the amplitude response and
Oi(wl,wz) is the phase response. Salient properties of the frequency

response are: (i) The symmetry conditions for the amplitude and phase

responses are

| (exp(-jw ) .exp(-jw,)) |= IHé(exp(lw ) expluw,y)) | (2.60)

i i i
Q (wl,mz) = (wl.wz)ZH-Q o) -0,) 2.61)
where ui(wl,wz) takes on integer values. Conditions (2.60) and (2.61)

are necessary and suificient for {hrlnn} to be a real sequence.

(i1) Linear phase responses for digital filters may be expressed as
i i
Q (wl 10,) = —aw,/2-pw,/2+&n/2+ v (wy - wp) (2.62)

where @, B, and § are non-negative integer constants, with § equal to

Oorl, and Yi(wl,wz) is a function taking on values 0 or 1. If § =1




in (2.62), the filter is said to have negative symmetry and if § =0,

the filter has positive symmetry.
(iii) The results of this section are derived for filters with positive
symmetry but they are easily derived for negatively symmetric filters
as well.

If H%\ (ZI,ZZ) has linear phase and positive symmetry,

Ql(wl,wz) may be expressed as

i i
Q (wl:wz)‘—"(K/Z)wl'(L/z)wz*' Y (wllmz)n (2.63)
where K and L are non-negative integer If h1 h1 h1
: = b m,N-1’ 'no’ "ok’
and hM-l 4 are non-zero for some values of m, n, k, and 4, the

only possible values of K and L in (2.63) are M-1 and N-1, respec-
tively.

(iv) It is specifically assumed in this section that T is described by
(1.11), meaning that (2.3) may be rewritten as

M, N

ai -

fa@, .2, = st & hizfl“z;_ 2.64)
m=0 n=0

If Haia(Z + &
e 1 i 2 ;
h ~ A &

le, hOk' and hMIL are non-zero for some values of m, n, k,

and £, the phase response ﬁl(wl,wz) of ﬁeia(Zl,Zz) can be expressed

) is a linear phase filter with positive symmetry and if ﬁ;o,

as

B!y 1wy = =M, /20 - /2wy + ¥ () ) (2..65)

where ?1((.01,0.:2) is a function taking on values 0 or 1.




28

. i i 3 )
(v) The DFT that is used to get {Hkb} from {hmn} and {Hkl,} from

[ﬁinn} is of order (M, N). This means that W, and w,_ are restricted

1 2
by
o = @n/MK, 0 sk £M-1, 2.66)
wy = @n/N)g, 0sgsN-1, 2.67)
and that
H, = HA(2n/Mk, @7/N)2),
fL = BR(@n/MK, @n/N)9).

Thus from (2.63), (2.66), and (2.67) a positively symmetric linear

phase filter, Hé (ZI‘ZZ)' has a phase sequence expressed as

6 , = 0 ((2n/M)K, @n/N)

-(K/2)(2n/M)k - (L/2)(2n/N) ¢

+ Y (@n/MK, @n/N) ).
(2.68)

Let Si be a subset of T0 such that (&, L)E:S1 if Yi(Zﬂ/M)k, (2m/N)4) =0,

iSi otherwise. Equation (2.68) can now be expressed as

i

o, " -(K/2)(2n/M)k -(L/2)(2n/N) g (2.69)

for (k,«’«)es1 and
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ellu, = -(K/2)(2n/M)k-(L/2)(2n/N) 4 + n 2.70)
if k,4)¢ Si. It should be emphasized that a linear phase response
implies a linear phase sequence; however a linear phase sequence
such as (2.68) does not necessarily imply a linear phase response.
For a filter Ha (Zl,Zz) to have the linear phase response of (2.63),

the necessary and sufficient coefficient constraint is

i

e
mn

h:( ,msKandn<L,
-m,L-n

THEOREM 2: If the initial phase sequence {GEL} is described by

(2.68), with (K,L) = (MI’N)’ every phase sequence {811(&} can also
be described by (2.68) with (K,L) = (Ml'Nl)'

Proof: Let (K,L) = (MI’NI) and let U and V be as defined inChap-
ter I. Note that

exp(j e,lu) = Ule/2 V"’Nl/2 (2.72)

if k,2)es! and

exp(j e:'”‘) = -Ule/2 V"’Nl/2 (2.73)

if (k,&);’Sl. For m s M
(2.73) imply

1 and nSNl, equations (2.4), (2.72), and

—
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»1 -(l/MN)M 1 NzllH {U_k(m-Ml/Z)V-"(n'Nl/z)
k=0 g0
(k, g est

-a/vm) TN g otk M2y seeNy /7)o @.74)
k=0 ro
(k. o £5*

The fact that Ml-m—Ml/Z = -(m—Ml/Z) and Nl—n—Nl/Z = -(n-Nl/Z)
leads to

. - N, /2
hl' =(1/MN) M 1 N')_,"l |H ‘Uk(m Ml/z)vl,(n Nl/ )
e Ko 9 .’

k, DeS

-(1/MN) M lN 1 ‘Hk lUk(m-Ml/Z)vz(n_Nl/Z)

k—O 1,=0
(k, o) £s1
Ai* ,.1
5 hmn E; hmn 2.75)

for m < M1 and n < Nl' Using (2.68), (2.71), and (2.75)

al %
B = ~(My/2) (2n/M)k=(N, /2) (2n/N) £

+ SY@n/MK, @a/N) Pn

2.76)
Equations (2.21) and (2.76) imply
0, = -(M,/2) 2n/M)k-(N, /2) 2n/N) 4
+ v @Mk, @2nN) 9 2.77)
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M en/mx, er/m) in 2.77),

Replacing 9'((@2n/M)k, 27/N)L) by ¥
{eiil} can be expressed by (2.68) if {Olid} can be expressed by
(2.68), when (K,L) = (M;,N,). Since {80} is described by (2.68)
with (K,L) = (Ml,Nl), the theorem holds by induction.

Q.E.D.

Corollary: If {GEL} is described by (2.68) and (K,L) = (Ml’Nl)' the

error sequence W converges in a finite number of iterations.

Proof: Assuming (K,L) = (Ml,Nl) and (2.68) hold.s for i =0, theorem
2 implies (2.68) holds for every i. The function Yl((ZH/M)k, (2T/N)4)
takes on one of two values for every one of the MN ordered pairs (k,%)
in T0 .1 Therefore there are only ZMN possill\allllt;eT candidates for the func-
tion v ((27/M)k, (2m/N)4) and fewer than 2 when (2.19) holds.
Since W is strictly decreasing before convergence and since different
error values Iii correspond to different phase sequences {9}1( L}' there

are fewer than ZMN iterations.

Q.E.D,

The corollary to theorem 2 implies that if {eg L} is properly
chosen the phase correction algorithm may be used to design linear
phase response filters. However, in designing such filters, numerical
problems in the FFT implementation of the DFT cause the symmetry

condition of (2.71) to be violated. In other words

o ot i
hmn = hMl-m,Nl-n+ emn' mg M1 and n ‘Nl'

i :
where {emn} is an error sequence with non-zero members. The result
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i
is that the phase sequences {ek{,} may not be described by (2.68) and
W does not converge in a finite number of iterations. This can be re-
medied by implementing the arithmetic replacement statement
S

“y NS
hmn— hM —m,Nl-n_ 'S(hmn+ hMl—m,Nl-n)'

In general the limit Icoco of the sequence W depends upon
the initial phase sequence {GEL}' as illustrated in the section on
numerical results. In other words, the algorithm converges to a local
minimum rather than to a global minimum. It may be possible to gua-
rantee convergence to a global minimum in the 1-D case by making
use of minimum phase versions of the filter coefficient polynomials.
However, polynomials of two or more dimensions generally do not have
minimum phase versions and such a procedure cannot be extended to
two or more dimensions. At present, the only way to insure that this
error T is small is to pick {Bgl} such that IO0 is small. If Io0 is
small, the fact that W is non-increasing precludes the possibility

[so]e-]
that I is large.

Let
o= 2 X
ekj,— -(2n/M) (K/2)k (Zﬂ/N)(L/Z)L"'ﬂYkL ; @2.78)
[ 0 for K and L even,
u(k-M/2) for K odd and L even,
Tt = 1
u(t-N/2) for K even and L odd,
L uk-M/2) + uk-N/2) for K and L odd, @.79)
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0 for x <0,
u(x) =

lforx=0,
where K and L are non-negative integers which are to be chosen such
that I00 is minimized. Typically, 100 is minimized for some (K,L)
close to (MI’NI)' However, if (K,L) = (Ml'Nl)' there are a finite
number of iterations, using the corollary to theorem 2, and the limit
of W is not much smaller than IOO. For this reason one should not

use (K,L)= (Ml,N ) in (2.78) unless a linear phase response filter

1
is mandatory.

Theorem 3: 1If {egt} is specified by (2.78), then

M N
00 1 2
% g6 £ & a4, 5o 2. 80)
i b e [Zm K]ZM:[ n L]ZN
where
Uy lexp (Y ) @.81)

where !Hk{,l =0 for k 2 M or £ 2 N, and where the DFT is for
sequences of length (2M,2N).

Proof: From (2.9) and (2.17),

M N
0 .2
Sl 2.82)
n
m=0 n=0
L
Equation (2.78) leads to exp(jeg&) - UkK/ZV o exp(jTWkL)

and therefore, using U = exp(-j2m/2M) and V= exp(~j2T7/2N),




gl - (1/MN) M 1 N 1 IH |U-k(m—K/2)v-g,(n-L/Z)exp(an )
k-O z= k1
- (4/(2M2N)) ZM 1 2N ‘H | o -k(2m- K) z(Zn-L)exp(jﬂY )
k— z=0 ks e

(2.83)

=4 q[Zm—K]ZM,[Zn—L]ZN

BT 0 . .
On substituting 4q[2m—K] for hmn in (2.82) one obtains

M én-t,

the result.

Q.E.D.

After using the IDFT to find {qmn} one can easily find from (2.80) the
values of K and L for which 190 is minimized.

With the exception of the special case of theorem 2 and its
corollary the phase sequences {G;L} produced by the phase correction
algorithm are in general nonlinear. Linear phase sequences are usually
desirable and it is therefore profitable to compare the actual phase se~

quences {9 } to linear phase sequences. Let the linear phase se-

kt
quences, which we shall compare the actual phase sequences to, be

described by

o = sm=(2n/M)(K/2)k-(2n/N)(L/2) 4 Y, (2.84)

and (2.79) where K, L, and 8§ are non-negative integer variables and
6 is 0 or 1. A convenient measure for the error between {ekL} and

the linear phase sequences {CPH’} is

2

Mol N-l
J,=min |1, 12 |exp(j<pk ) exp(iek‘)l )« (2.85)

e G
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Two advantages in using ]1 as a measure of phase error are:

(i) phase differences of 27 are equivalent to zero phase differences
and '

(ii) phase errors in pass regions are weighted more heavily than phase
errors in transition and reject regions.

Suppose that for some positive A smaller than T,

d i
s = 2.86
Equation (2.86) implies that the error between {9; L} and a linear
phase sequence equals 4 at each of the MN DFT points in the fre-
quency domain, and that

i

d

If (2.86) holds and (2.87) is substituted into (2.85), the fact that

2
Iexpucpg Jt)-e)cp(J(cpi = M) |" = 2(1-cos(a)) implies that

M- NS g 1% 2(1-cos(a))

I = I2
. k=0 =0 ke

M-1 N-1 2
2(1-cos(p)) T T lHkl,l

k=0 ¢0

2MNE(1-cos(a)). (2.88)

I

For a given value of 4, if

3 < 2MNE(1-cos(a) 2.89)
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then
d 1
log, = ol 52 (2.90)

will probably not be true for all (k,%) in TO' but it will tend to be true
in the pass regions, since the error in the pass regions contributes
heavily to the value of Ii’

Given that (2.90) is desired for some positive 4 <, ]1
can be calculated every few iterations and the algorithm can be halted
when (2.89) is not satisfied. If the initial phase sequence is a linear
one such as given in (2.78), (2.89) will hold at least for i = 0.

It is assumed that the specific values of 6§, K, and L in
(2.84) are not of critical importance. If the values are needed, they
are easily determined by using the following theorem.

Theorem 4: For given values of E and {Hlld,}’

J, = 2MN(E-max(IR_ 1))

where

R <« lHkL'

for K and L even,
mn

i
HkL
k/2

i
R <> [H [H,U

o exp(jTTYkL) for K odd and L even,

i AS2
«—>
Rmn |Hk{,|HkLV exp(jTTYk{’) for K evenand L odd,

and

1 . k/2.4/2
R b |HkL|HkLU V" “exp(jmy, ,) for K and L odd.




——TT

37

Proof: We prove the theorem for K and L even. The proofs for the

other cases are similar. From (2.84), (2.85), and (2.9)

M-1 N-) 2 M-1 N-1 i d
=2 ¥ 'z |H | -2max ('3 T |H |H exp(-je,,))

* ke Eg ¢ LKL ke 0

= 2(MNE-max ((-1)® Mz:-l Nil

|5, |HiLU'kK/2v'LL/2 j
8 KL k=0 #£0, %

Replacing (K/2, L/2) by (m,n) leads to

M 2 Slep ot
J, = 2MN(E-max (|(V(MN)) 51 gllm e ukmyie)y
i kt' ki
m,n k=0 g0
Q.E.D.

In theorem 4 we show how to measure phase error in a

filter. In the following chapter we show how to measure the effects

of this phase error on filtered pictures.

\
N
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II. THE MEASUREMENT OF PHASE DISTORTION

A. Derivation of the Measure
In this section we develop a measure of phase distortion,
and give a few of its properties. Iet {pmn} be an output picture, with
M rows and N columns, satisfying
.1
BT " Fkt (3.1)

and having a Fourier transform P(wl,wz) as described in (1.17). {Pk{,}

is a sampling of one period of P(wl,w ) at MN points. {PkL} satis-

2
fies the radial symmetry condition

P (3.2)

Kt = PfM-k]M, [N-11,,

The output picture {ﬁmn} ., which has the Fourier transform f’(wl,wz)
described in (1.19), satisfies

B =3 B | (3.3)
Bl = e, (3.4)
ﬁk{, = PkLexp(jka) ' (3.5)
and
m, , = m( @2m/M)k, (2T/N)L) , (3.6)
38
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where m(wl,wz) is given in (1.20).
A measure of phase distortion in {an}' due to the effects

of m(wl,wz), is

M-1 N-1 % o
( Bon)

Z Z -
A, A _ m=0 n=0 pmn mn
D(Prp) e M-1 N-1
2

z z
‘ m=0 n=0 pmn

(3.7)

which is the normalized squared Euclidean distance between {pmn}
and {f)mn}. The measure D(p,P) can be expressed in the frequency

domain as

M-1 N-1

A2
=z -
o s el 15y BgPyl s
D(p,p) = M-1 N-1 (3.8)
2
£
2 B 4Z [Pl

Filtering shifts the output with respect to the input. The fact that a
shifted picture is recognizably the same as one which has not been
shifted means that we must remove the effects of shifts due to filter-
ing from IS(p,f)). The phase response of a filter which linearly shifts
the output with respect to the input is

O(wl,wz) = -(K/Z)w1 - (L/Z)w2 (3.9)

where K and L are non-negative integers. The phase sequence {$k L}'
derived from (3.9), is

8, = - K/2)@T/Mk - (L/2)@T/N)L + 7Y, (3.10)

is given in (2.79).

where Yk L T
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From (3.10) and the definitions of U and V,

kK/2 VLL/Z

exp(jfﬁké) =U exp(my, ,) . (3.11)

In addition to its shifting effect, filtering can cause the output picture
to be close to or equal to the negative of the input picture. We can
remove this effect from ﬁ(p,ﬁ) by using a variable & which equals +1.
Based upon these observations our measure of phase distortion is
M-1 N-1 Z o
el
M-1 N-1

g z |p
k=0 12=0

|2

D(p,p) = (3.12)

|2
ki

This measure D(p,p) has the property
0 $D(p,p) S1

Two advantages to using D(p,f)) as a measure of phase distortion are:
(i) phase differences of 2™ are equivalent to zero phase
differences and

(ii) the amplitude sequence weights the phase differences.

B. Evaluation and Application of D(p,f))
In this section we show how to evaluate D(p,ﬁ) and how to

use it in judging filter phase responses.

L]

Theorem 5: Given {PkL}’ { ], M, and N,

Pre

D(p,p) = 1 - (g§§|bmn|)/E
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where

N M-1 N-1
E=(/MN) £ £ |p
k=0 1=0

2.
Tk (3.13)

* ~
bmn<—-> PkLPkL for K and L even,

b e—ps p gk M2

= k1 Pkt exp(jﬂYkL) for K and L odd,

A k/2
*
bmnH PkLPkLU exp(jﬂ'YkL) for K odd and L even, and

a L/7 .
bmn<——-> P]:LPkLV exp(]ﬂYkL) for K even and L odd. (3.14)

Proof: The proof is for K and L even. The proofs for K and/or L odd
follow similarly. Equation (3.12) yields
M-1 N-1

2 FS 2 ~ ~
P 'PkL| +'PkL| - 26P% P exp(-)F, )
AL 6LK,L k=0_4£=0
D(p,p) = M-1 N-1 5
%
2 5 o5 Iyl

E which can be simplified, using (3.11) and (3.13), to give

; M-1 N-1
E- max §((1/MN) Z L Ppx P ,U
8 K. L k=0 41=0 e

E

~-kK/2 V—LL/Z)

D(p,p) =

Replacing K/2 by m and L/2 by n and using (3.14) for K and L even

' we have

D(p.B) = 1 - (max, (6b ) )/E




42

The variable & can be eliminated by an absolute value, giving

D(p,p) =1 - %%I-bmnl)/ﬁ

Q.E.D,

Given an example picture {pmn} and several sequences,
{ka}, of phase distortion numbers, equations (3.3) - (3.5) can be
used to generate degraded pictures {ﬁmn} and the corresponding values
of D can be calculated using theorem 5. With the values of D and the
degraded pictures, we can determine how large D can get before the
picture {ﬁmn} is unrecognizable. We denote the largest allowable
value of D(p,p) as D_.

We have shown how to calculate D(p,p) when the output
picture frequency characteristics {Pk L} and { lgk L} are given. In the
following we show how to calculate D(p,p) when the frequency charac-
teristics of the input picture and filter are given. The DFT versions of
(1.17) and (1.19) are

2 o
Py = Fip | Hyy lexnGe) ) (3.15)
and

A~

where

= H(@T/Mk, 27/N)t)

=




d d

ekL - ((2m/M)k, (2m/N)1) ,
and

ekL = 8((2m/M)k, (2m/N)L)

Notice that the factor PI:LPk y occurs in each of the expressions of
(3.14). Using (3.13), (3.15) and (3.16),

M-1 N-1 2 2
E=/mn =z |g,|%lH,l (3.17)
k=0 4=0
and
A ol 2 2 d

It is interesting to note that the amplitude of {Fk L} , but not its phase,
is used in (3.17) and (3.18). D(p,p) may be calculated using (3.17),
(3.18), and theorem 5, given only “Fkl,l}' [|H |} {ed }, and
{ekL} . To find out whether or not a filter has an acceptable phase re~-
sponse, we may calculate D(p,ﬁ) for the filter and several input pic-
tures or test patterns., If D(p,ﬁ) tends to be greater than Dm the filter
is not useful. This testing procedure uses much computation time and
storage if M and N are large.

Equations (3.5), (3.15) and (3.16) correspond to circular
convolution and theorem 5 requires the evaluation of a circular correla-
2) and

H(wl,w ) generally correspond to an infinite number of filter coeffi-

tion., Also, the frequency responses exp(jm(wl,w )), H(w

cients, implying that M and N should be infinite. However, our main
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purpose is to find and use D(p,p) rather than to filter pictures, so

circular convolution and circular correlation are acceptable.

C. Estimation of D(p,Dp)

When sampling H(wl,wz) to produce {Hkt}' M and N
may equal 128, for example, and be large enough for the representa-
tion to be accurate. However, when IF(wl,wz)l and P(wl,wz) are
Fk&'} and {PkL}’

to the picture's dimensions, which may be much larger than 128 by 128,

sampled to produce { M and N are typically equal
If the input spectrum |P(w1,w2)( is modeled by a smooth function
‘F(wl,wz)l , which is accurately represented by a small number of
samples, we can greatly reduce M and N and estimate D(p,D),
thereby saving storage and computation time.

The Fourier transform of a one-dimensional pulse is a sinc
function which dies off as 1/w and has a value of 1 for w =0, Simi-
larly [15] the two-dimensional Fourier transform of a disk shaped pulse

dies off approximately as 1/R where

2.1/2

R= (wi + wz) (3.19)

A simple model of the input picture amplitude response ,P(wl,wz), is

|Fw  w)| =1/0 +ar) (3.20)

which dies out approximately as 1/R. The constant a may be varied
until the approximation is accurate. The digital version of I'f(wl ,wz)l
is ”Fk{,' }, which is defined by

IFepl = [Pl )l
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@2m/Mk, ks M/2

m/M)k-27, k> M/2 ,

@m/N)t, 1 =N/2

€
Il

@m/N)t-2m, 4> N/2

Replacing {IFkLI} by {l?kLI} in (3.17) and (3.18), we may use theorem
5 to calculate ﬁ(p,ﬁ), an estimate of D(p,p). In general l?(wl,wz)l is
a much smoother function than |F(wl,w2)( , allowing us to reduce M
and N, save storage, and save computation time.

The estimation technique of this section greatly simplifies
the testing procedure for filter phase responses of section IIIB. Assume
that |F(w1,w2)| is a model for all input picture amplitude spectrums
|F(w1,w2)| of interest to us. To test the phase response of a filter we
can compute D(p,ﬁ) one time and comBare it to Dm. When a filter is
designed by the method of Chapter II D(p,p) may be calculated at each
iteration. When S(p,ﬁ) becomes larger than Dm' the design algorithm

may be terminated.




IV. NUMERICAL RESULTS

A. Filter Design Examples

The numerical implementation of algorithms described in
Chapter II, together with the design of filters and a comparison of their
frequency responses is presented in this section. The computation was
performed on the CDC-6600 at The University of Texas at Austin. The
pictures are printed in 16 grey levels with darker levels representing
more positive quantities. For every grey level picture the range be-
tween the maximum and minimum intensities, of the function being dis-
played, was linearly divided into the 16 levels. Except for the linear
rhase response filters, every filter was designed in 100 iterations,

with i =99 and I, =0.
max E

Example 1 The desired amplitude response is a ring described by

2 2.1/2
= < <
A(wl,wz) I, 1 (w1 +w2) 2 (4.1)
= .02 otherwise,
where |w1| s T and lwzl sm, The values of M, N, M., N. are 32,

32, 7, and 7, respectively. The amplitude sequence {IHlkL| }1 is shown
in Figure 3. Using the initial phase sequence of (2.78) with K and L
determined from theorem 3 to be 8, Filter 1.1 was designed by the algo-
rithm of section IIA and Filter 1.2 was designed by the modified algorithm
of section IIB. The amplitude and phase responses of Filter 1.2 are shown
in Figures 4 and 5, respectively. The responses of Filter 1.1 are almost

identical to those of Filter 1.2, and are not given. The coefficients of
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Filters 1.1 and 1.2 are presented in Tables 1 and 2. The initial and
final error numbers for Filters 1.1 and 1.2 are normalized using the

number E and given by

00 /5y = 790/ ~ 13185 | @.2)

@999 /5) ~ 10368 , @.3)
and

@999 /5y ~ 102859 . 4.4)

One gets an idea of the rate of convergence of Iii and fn as i— 99
from the plot of log ((In/E) - .1028) and log ((fn/E) - .1028) versus
i, given in Figure 6. As the figure shows, the modified algorithm's
error sequence W is nearer convergence after 40 iterations than the
original algorithm's error sequence W after 100 iterations. The coef-
ficients of Filters 1.1 and 1.2, in Tables 1 and 2, are significantly
different. Filter 1.3, also with the desired amplitude sequence of
Figure 3, had the linear initial phase sequence of (2.78) with (K,L) =
(Ml, Nl) =(7,7). The filter was designed using the original algorithm
and its amplitude and phase responses are given in Figures 7 and 8.
The coefficients are given in Table 3. The error sequence W, for this
filter, converged at the fourth iteration, which is in agreement with the

corollary to theorem 2. The normalized error numbers for Filter 1.3 are

00/E) ~ ,1374 4.5)

and
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> 3/p) ~ 1302 . 4.6)

As predicted by theorem 2, the phase response of Figure 8 is linear.
The error numbers of (4, 5) and (4.6) show that Ha (Zl,Z ) is not sig-
nificantly better than Ha (Z Zz) The final filter is usually a small
improvement over the orlgmal filter when (2.78) holds and (K, L) =
(M1 ,Nl).

Comparing Figures 4 and 7, one can see that Filter 1.2,
with the nonlinear phase, has a significantly smaller magnitude of
ripple in the reject regions. Whereas Filter 1.3 has four distinct
ripples in its passband, the passband ripple of Filter 1.2 is not de-
tectable in the figure. The passband rejectband boundaries are dis-
tinctly diamond shaped for Filter 1.3 but are more nearly circular for
Filter 1.2. Comparing Figures 5 and 8, one can see that the phase
response of Filter 1.2 is not wild in the passband, but fairly linear.

Filter 1.4 was obtained by windowing Filter 1.3. Each
coefficient ﬁzm of Filter 1.3 was replaced by ﬁ;nwmn in Filter 1.4,

where
S Bl ST
fon = (- M/20% 4 - B 2
R=1M,/2)% + (v /22 2

and
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The window in this example is a generalization of a window found in
[8]. The amplitude response of Filter 1.4 is shown in Figure 9. Com-
paring Figures 7 and 9, it is apparent that although windowing reduces
amplitude response ripples it also decreases the steepness of the re-

sponse in transition regions.

Example 2 For this example the desired amplitude response is
= t
Aw @) =1, |w| +]w =21

=0, otherwise 4.7)

where lel ST and lwzl s, This corresponds to a low-pass filter
with a diamond shaped passband. Both filters of this example were

designed by the modified algorithm with M, N, M1 and N. equal to

64, 64, 7, and 7, respectively. The desired amplitude selquence for
the filters is shown in Figure 10.

The initial phase sequence of Filter 2.1 was (2.78) with
(K,L) = (8,6), using theorem 3. The amplitude and phase responses
of Filter 2.1 are given in Figures 11 and 12 and the coefficients are

presented in Table 4. The normalized error numbers for Filter 2.1 are

T%° /) ~ 08691 (4.8)
and

f99.99

( /E) ®~ .08198 . (4.9)

For Filter 2.2 the initial phase sequence was that of (2.78)
with (K,L) = (63,63). The amplitude and phace responses are displayed
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in Figures 13 and 14 and the coefficients are presented in Table 5.
Plots of ”E?nnl } and {Iﬁ?nil } for this filter are given in Figures 15

and 16. The normalized error numbers for the filter are

@90 /5y ~ 99852 4.10)

%995 ~ 10098 . 4.11)
It is apparent from (4.10) and (4.11) that the final filter is
greatly improved over the initial filter. Figures 15 and 16 show that
most of the coefficient energy is concentrated in those points corres-
ponding to the set T. However, (4.9), (4.11), Figure 11 and Figure 13
indicate that Filter 2.2 has a much larger error number and a worse am-
plitude response than Filter 2.1. Also, fOO for Filter 2.1 is smaller
b 'I~99 .99
good initial phase sequence.

The values of M=N=32 in example 1 and M=N=64 in

for Filter 2.2. This illustrates the value of choosing a

example 2 represent fairly coarse frequency sampling. For the exam-
ples we have chosen, however, larger values of M and N make no

substantial difference.

B. Phase Distortion Examples

In this section we distort the phase of a test pattern by the
method of (3.3 - 3.5) and by filtering and we then measure D for the
degraded images. The actual values of D are compared to estimates

obtained through the modeling procedure of section IIIC.
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Example 3 Using (3.3 - 3.5) we distorted the phase of the spoke test
pattern, {pmn}' of Figure 17 with three zero mean Gaussian noise se-
quences {mk L} . The sequences differ only in their standard deviations
(i.e., the sequences are multiples of each other). The resulting pic-
tures {5mn} for standard deviations of .13, 375 and 1.0 are shown in
Figures 18 through 20 respectively. The corresponding values of D(p,p)
are: .0096, .0787 and .32.

It is apparent from the figures that as a picture's phasc 1s
distorted its energy is redistributed in the spatial domain. This is a

type of smearing.

Example 4 As a second example we distorted the phase of {pmn} in
Figure 17 using the deterministic function

2) 1/2
2

i 2
m(wl,wz) = ,9((«31 +w (wl + wz) y (4.12)

The resulting picture {f)mn} . shown in Figure 21, corresponds to
D(p,p) = .0779 . (4.13)

It is apparent that although the deterministic distortion of Figure 21
differs from the random distortion of Figure 19, the figures are equally
recognizable as spoke patterns and the values of D for the two figures

are about the same.

Example 5 As a third example we filtered the test pattern of Figure 17
using Filters 1.2 and 1.3. The desired amplitude response for both
filters is given in (4.1) and the desired phase response is that of (3.9)
with K=L=7,




For Filter 1.2 the actual value of D, with M = N = 128, is
D(p,p) = .078 4.14)

and the output picture is shown in Figure 22. For Filter 1.3 the actual
value of D, with M =N = 128 is

D(p.p) = .00974 (4.15)
and the output picture is shown in Figure 23.
8 From (4.14), Filter 1.2 produces about the same amount of phase dis~
tortion as that seen in Figure 19. From Figure 19 one can correctly
i infer that the phase distortion seen in Figure 22 is moderate. If op-

posing spokes in Figure 22 are compared it is noticed that, unlike the

spoke pattern of Figure 17, this filtered spoke pattern lacks radial
symmetry. From (4.15), Filter 1.3 produces almost the amount of phase
distortion seen in Figure 18. Although Figure 18 reflects a noticeable
amount of phase distortion it is not easily detectable because Filter 1.3
has linear phase and Figure 23 has radial symmetry.

For both filters, the values of D(p,p) were estimated using
the method of section IIIC with M = N =32 and a = 32. In Figures 24
and 25 respectively, {leLH and our model Hf‘k&“ are shown for
M =N = 128. a is picked to be 32 for the model so that the dark re-
gions in Figures 24 and 25 are approximately the same in area. For

Filter 1.2 our estimate of D is
D(p,p) = .07334 4.16)

while for Filter 1.3 our estimate of D is

D(p,p) = .00926 . (4.17)

Comparing (4.14)to (4.16) and (4.15)to (4.17) we see that the estima-

tion procedure of section IIIC works well for our examples.
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V. CONCLUSION

By allowing the desired phase sequence of a filter to vary,
while the desired amplitude sequence is held constant, one can signi-
ficantly improve the filter's amplitude sequence. The phase correction
algorithm always converges and its convergence can be considerably
speeded. Because of the simplicity of this design method, it is rela-
tively fast, with good filters being designed in less than 30 sec. for
M = N = 32. Through the use of theorem 3 good initial phase sequences
may be picked. An easily applied DFT correlation theorem makes it
simple to measure the phase error between the actual filter and a linear
phase version of it.

As our examples show, it is possible to measure the phase
distortion, due to filtering, in digital pictures. Using the measure,
the acceptability of filter phase responses can be determined. Using
a simple model of input picture amplitude responses, the measure D

may be estimated.
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Figure 4. Amplitude Response of Filter 1.2,
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Figure 5. Phase Response of Filter 1.2,
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Figure 7. Amplitude Response of Filter 1.3.
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Figure 8. Phase Response of Filter 1.3,
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Fig. 9. Amplitude Response of Filter 1.4.
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Figure 12. Amplitude Response of Filter 2.2.
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Figure 14. Phase Response of Filter 2.2,
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Figure 21. {an} for D(p,p) = .0779
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Figure 22. Output Picture for Filter 1.2 1
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Figure 23. Output Picture for Filter 1.3
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